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Introduction 

Let g be a finite dimensional simple Lie algebra over C, of rank p and let () be a 
Cartan subalgebra of g. We denote by A the roots system of the couple (g, h) and 
by LT = {cui, • ■ ■ , a p } the simple roots of A. 

Let A be a generalized Cartan matrix of affine type of order p + 1 associated to 
finite dimensional simple Lie algebra g. 

Let S(A) (resp. S^A)) be the Dynkin diagram associated to A (resp. l A) and 
<B = {a , ■ • • , a p } (resp. *B V = {a^ , • • • , oY }) be the set of the vertex of diagram 
S(A) (resp. Si* A)) called roots basis (resp. coroots basis). Let ao, a±, • • • ,a p be the 
numerical labels of S(A) and a$ , • • • , be the numerical labels of S^A). 

We denote by C := C[t, t -1 ] the algebra of Laurent polynomials in t. Recall that 
the residue of a Laurent polynomial P = ^Cit 1 (where all but a finite number of Cj 

are 0) is defined by ResP = c_x- 

Consider the infinite dimensional Lie algebra, called the Loop algebra 

£{q) :=£®g 

We denote by [., .] the bracket on g. The bracket on £(g) is defined as follows, for 

all (x,y) e g x g : [t n <g> x, t m ® y} c = t n+m <g> [x, y]. 
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Fix a nondegenerate invariant symmetric bilinear C- valued form (./.) on g. We 
extend this form by linearity to an £-valued bilinear form {■/ -)l on C(g) which is 
defined by 

(P®x/Q®y) L = PQ(x/y) 
Now, we define a C-valued 2-cocycle on the Lie algebra £(g) by 

ip(a, b) = Res(^, b) t for all (a, b) G C(g) x £(g) 
at 

We denote by £(g) the extension of the Lie algebra C(g) by 1-dimensional center, 

_ i=p 

associated to the cocycle ip. Namely, £(g) = £(g) © CK where K = J2 a )! a i * s a 

i=0 

generator of the 1-dimensional center. 

Finally, the affine Kac-Moody algebra associated to matrix A is 

g(A) := £(g) ©CK©Cd 

where d is the derivation defined by : d = t-4: on £(g), d(K) = 0. For more details 
of this construction see [HI chap. 7]. 

The aim of this paper is to construct a certain class of standard subalgebras of 
affine Kac-Moody algebras g(A). This uses standard subalgebras of the complex 
simple Lie algebra g. 

Let t be a subalgebra of g. If the normalizer of r is a parabolic subalgebra of g 
then r is called standard subalgebra of g. Several papers were devoted to the study 
of standard subalgebras for finite dimensional case, see U, |j, [TT| . 

These subalgebras were characterized in [S] and JH] using a noncomparable roots 
with respect to the partial order relation " ^ " defined on the dual vector space ()* 
by Ui ^ UO2 if UJ2 — &i is linear combination of simple roots of LT with non-negative 
coefficients. 

Let 9^ be a set of positive roots two by two noncomparable. Consider the set 
9ti = {(3 G A + : uj ^ (3 for certain u G Then the subalgebra m = Qp is 

nilpotent standard subalgebra of g. 

Setting p(m) be the normalizer of m. Let r be an ideal of the Levi reductive 
subalgebra 1) + ^2 g a , lying in the Levi reductive subalgebra associated to parabolic 

subalgebra p(m) where Qi is the set of roots which are linear combination of n\(Iln 
*H). 

Any standard subalgebra r of g has the form 

r = m + r 

and the normalizer p{r) = p(tn). 

In this paper, theorem ll . II states that there exists standard subalgebra r of g(A) 
associated to a given standard subalgebra r of finite dimensional simple Lie algebra 
g and a certain vector subspace V T = [r, g] of g associated to r. The standard 
subalgebra f has the form 

T = t n © r + t n+l © V T + t n+2 C[t] ®g + CK for n e N* 
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The subspace V T is called "appui" subspace of g. 

The standard subalgebra r is determined by the finite dimensional standard 
subalgebra r and the appui subspace V T . Explicit formulas of V T are established for 
different cases of r. 

In the case where r is nilpotent standard subalgebra. Then, r is associated to 
subset y{ C A + of positive roots two by two noncomparable. The theorem 12 . II st ates 
that the appui subspace V T has the following form : 

— a 

aeA + \<m 3 >+ ae<HiUlR2 aG5R 2 

where JHi, 9^2 and are defined by the relation [TJ El and EJ 

In the second case where r is standard subalgebra of nilpotent radical. Then, 
t = m + to where m is nilpotent part of r and to is semisimple part of r. Therefor, 
to is constructed from a certain common connected subsystem ip of II\(n fl 91) and 
Il\( U S^) where S u = {7 6 II : w = 7orw~7G A}. One may write r = 

Yl fla + S C[e a , e_ a ] where (-0) is the set of roots which are linear combination 

of elements of ■0. We prove in theorem 12.21 that the appui subspace V T has the 
following form : 

V T = V m if P„=0 

K = if P^ ^ 

where P^ = ^ [g a , g_ /3 ] and V m is the appui subspace associated to 

oe(^> /3eA+\% 

m. 

1 Standard subalgebras of affine Kac-Moody al- 
gebra 

Let q be a simple Lie algebra of rank p. Let A be its extended Cartan matrix of 
affine type and q(A) be the affine Kac-Moody algebra associated to A. We consider 
the element 5 defined by 

i=p 

S = y^ajaj 

i=0 

Let A a// = A re UA™ be a roots system of the couple (q(A), fj + CK + Cd) where 
A re = : a G A and j G Z} is the set of real roots and A im = {j5 : j G Z} 

is the set of imaginary roots. 

We denote by [., .] the bracket on g. The bracket [., .] a ff on q(A) is defined as 
follows : for all (x,y) G x g , (A, Ai, jii) G C 4 , (n,m) G Z 2 : 

[t n ®x+XK+/2d, t m (g>y+AiK+Aiid] a// = t n+m <g>[a;, y]+^mt m ®y-^ l nt n ®x+n5 n _ m (x\y)K 

In the particular case where m and n are two natural numbers, we have : 
[t n ® x + AK + /id, t m ® ?/ + AiK + /iid] a// = t n+m ® [x, y] + [imt m ®y- ^nt 11 <g> x 
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Definition 1 We introduce the following definitions : 

1. A subalgebra of g(A) is called parabolic if it contains a Borel subalgebra of 
Q(A). 

2. A subalgebra of g(A) is called standard if its normalizer is a parabolic subal- 
gebra ofg(A). 

Let r be a standard subalgebra of g of normalizer p(r) and let V T = [r, g] be the 
associated subspace. 

Proposition 1.1 The appui subspace V T satisfies the following relation : [V T , p(r)] C 
V T . 

Proof : Using the Jacobi identity, we have [V T , p{r)] = [[r, g], p(r)] = [r, [g, p(r)]] + 
[[r,p(r)],g] C [r,g] + [r,g] C [r,g] = V T . m 

The following main theorem gives a sufficient condition for the existence of a 
class of standard subalgebras of g(A). 

Theorem 1.1 Let r be a standard subalgebra of g of normalizer p(r) and V T = [r, g] 

be the appui subspace associated to r. 
Then, the subalgebra 

r = t n ®T + t n+l ® V T + t n+2 C[t] ®g + CK (n G N*) 

is a standard subalgebra of g(A) with normalizer p(r) = p{r) + tC[t] ® g + CK + Cd. 

Proof : We show that the parabolic subalgebra p(r) is the normalizer of r. 
In g(A), the subalgebra r is an ideal of parabolic subalgebra p(r) + tC[t] ® g + 
CK + Cd. 

Let pi be a parabolic subalgebra of g such that p\ + tC[t] <g> g + CK + Cd is a 
normalizer of r. We have [r, p\ + tC[t] (g) g + CK + Cd] a // C r then [r, p±] C r 
and pi C p(r). Since p\ + tC[t] <E> g + CK + Cd is a normalizer of r then, we have 
Pi + tC[t] ® g + CK + Cd included in p(r) + tC[t] ® g + CK + Cd and p(r) included 
in pi. Furthermore, pi = p(r) and p(r) + tC[t] ® g + CK + Cd is a normalizer of r. 
■ 

Corollary 1.1 The subalgebra 

r + t(g>g + t 2 C[t] ®g + CK + Cd 

is a standard subalgebra of g(A) of normalizer p(r) + tC[t] <8> g + CK + Cd. 

Corollary 1.2 Let V be a subspace of g such that V T C V and [V, p(r)] C V then 
the subalgebra 

t n ®r + t n+1 ®V + t n+2 C[t] ®g + CK (n e N*) 
standard subalgebra of g(A). 
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Remark 1.1 We deduce from the theorem 11.11 that the subalgebra V T = t n+1 <g> 
V T + t n+2 C[t] (g) g + CRT «s a/so standard subalgebra of g(A). 

Eexample 1.1 Let g be a simple Lie algebra of type B4 and U = {a\, a 2 , 03, a 4 } be 
a basis of roots system A . 

We set fJKi = {a 2 + 2a 3 + 2a 4 , a\ + a 2 + 2a 3 + 2a 4 , a\ + 2a 2 + 2a 3 + 2a 4 }. We 
consider r = Y 9a and V T = Y Sa + f) + 0_ ai + 0~ Q2 + 0-ai-« 2 respectively 

t/ie standard subalgebra of g and the appui subspace associated to r. 

Then r = t (g) r + t 2 ®V + t 3 C[t] + CK zs a standard subalgebra of g{A) with 
normalizer p(t) = ( a + f) + 0- Ql +0_ a2 + 0_ Ql _ Q2 +0_ a4 )+tC[t]®0 + CK + Cd. 

a€A + 

The standard subalgebra r may be written using the real and imaginary roots as 
follows : 

T = J2 d( A )a+s + Yl d(A) a +28 + 0(^)25 + ^{^0(A) a+n5 + g(A) n5 } + CK 

mi/i 9^ = A + \{a 4 }U{-a 1 , -a 2 , ~a 1 -a 2 }, g(A) a+nS = t n ®g a andg(A) n5 = P<gf) 

Theorem 11.11 proves that the existence of this class depends on the description 
of the standard subalgebras r and the appui subspaces V T of the Lie algebra 0. 

In the next section, we characterize the appui subspaces V T when r is the nilpo- 
tent standard subalgebra then when r is the standard subalgebra. 

2 Appui subspaces 

Let be a complex simple Lie algebra, f) be its Cartan subalgebra and A be the 
roots system of the couple (0, f)). Let r be the standard subalgebra of 0. The aim 
of this section is to give an explicit formulas for the appui subspaces V T = [r, 0] . 

2.1 Case of nilpotent standard subalgebra 
Main notations. 

1. For any positive root (3, we denote by S" the set of simple roots 7 of U such that 
/? = 7 or /? — 7G A. The set S 13 is called set of extremal roots of j3. 

2. For any root a = Y a -yl> we denote by C a the set of the simple roots 7 in II 

such that a 7 7^ 0. 

3. Let B be the subset of the simple roots IT. We denote by (B) the set of roots 
which are linear combination of elements of B and by (B) + (resp. (B)~) the positive 
roots (resp. the negative roots) of (B). 

Let t be a nilpotent standard subalgebra of associated to the subsystem of 
positive roots two by two non comparable. We set 

9t 1 = { p e A + : lu < /3 for a certain u G 9t} (1) 

The subalgebra r has the form r = Y dp- 
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We set S 2 = U S u , A 1 = (U\S 2 ) and A 2 = A\A t . The normalizer of r is 
denned by S% and has the following form p(r) = Qa + f) + X] 0-q- 

We can write = p(r) + Y Q-v Then, we have 

ueA+ 

V T = [r,g}CT+J2 X>M-*]- ( 2 ) 

Lemma 2.1 Zet a be a positive root. Then g a is included in V T if and only if there 
exists (3 G such that C a n S 13 . 

Proof : (=>) Let a G A + such that Q a C V T . There are two cases : 
First case : a G 9ti then there exists (3 G 9i such that (3 ^ a. This implies that 

Second case : a ^ 9ti, using the formula El there exists a root /3 G such that 
(3 — a is a root of A^~. One we can write a in the form a = a\ + • • • + at with 
ati, ■ ■ ■ ,ctk simple roots and each partial sum ai + ••• + «/ is a root, for 1 ^ Z ^ k. 
We want to prove by induction on k that there exists %q G [1, fc] such that oji is in 
^. 

If = 1. We have (3 — ai G A. Then ai G S 1 ^. Suppose that > 1, then we 
have — a k _i — Qk + (3 is a root where = ai + • • • + o>k-i- By applying Jacobi 
identity to the roots —a^-ii ~ a k and f3, we have (3 — a! k _ x or (3 — is a root. 
If /3 — G A, by the assumption of recurrence, there exists j £ [L k — 1] such 
that a jo G and C a n 7^ 0. 
If /3 — ct fc G A, we have G and C a fl S'' 3 7^ 0. 

(<=) Let a be a root of A + such that there exists (3 in with C a fl S 13 7^ 0. 
We set a = ai + • • ■ + a n such that for all i G [1, n], ctj G II and for r G [1, n] each 
partial sum a>i + ■ ■ ■ + a r is a root. 

Let J be a subset of [1, nj such that acj G C a fl S 13 for any j G J. It is clear that 
the subset J is not empty. Let q be an element of J. We have (3 — ct q is a root and 

0a 9 = [0/3,0-/3+qJ C [r, 0] = 

Using the proposition II .11 we may deduce that 

Qa = Qa 1 + -+a n = [[flo* ) 0ai+-+a 9 -i] , Qa g+1 , ' ' " , QaJ C [K, C K 



Lemma 2.2 Let a be a positive root. Then g_ Q is included in V T if and only if there 
exists (3 G D^i suc/i that a + /3 G A + . 

Proof : Let a G A + such that g_ Q C Then, by relation[2j there exists 

a root (3 G 9li such that a + /? is a root of Aj. 

(<^=) Let (3 be a root in 9li such that a + (3 is a root. Then we have Q- a = 

[0/3, 0-/9-a] C [r, 0] = 1/ T - ■ 

We consider the set 9^2 of A satisfying the following property : 

If a G A+, (3 G 9ti, and a + /3 G A then a G 9i 2 (3) 
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And the set 9^3 of II satisfying the following property : 

If a G n, (3 G JKi, and (3 - a $ A then a G IH3 (4) 

In other words 9^ = n\S2 

The next theorem characterizes the appui subspace V T when r is a nilpotent 
standard subalgebra of g. 

Theorem 2.1 Let q be a complex simple Lie algebra and r be a nilpotent standard 
subalgebra associated to a subsystem of positive roots two by two non comparable. 
Then, the appui subspace associated to r has the form 

V T = ^ 0«+ Y C [ e a,e-a] + ^B-a 

aeA+\<?H3>+ ae<HiUlR2 ae5R 2 

Proof : By applying the lemma ED and E21 it is enough to prove that ^[ e a, e-a] 

is included in V T . 

If a G then C[e a , e_ a ] C [t, g] = V^. If a G 9^ 2 then, we have g_ a is included in 
V T and by applying the proposition ll.il we have C[e_ a ,e Q ] C [V r ,p(r)] C V T . m 

Remark 2.1 We denote by 9 the highest root of A. If the 9Ms included in basis U, 
the nilpotent standard subalgebra r is called complete standard subalgebra of g and 
it is easy to prove that the appui subspace V T has the form 

aeA + aGA + \<Hc 

with 5Hc = {« G A + : for all root j3 G 9t , a/3 = ^}. 

Remark 2.2 VFe consider m = Y g Q i/ie nilpotent standard subalgebra associated 

to t/te fretsis II. It is the maximal ad-nilpotent ideal of Borel subalgebra of g. Then, 
the appui subspace is 

V T = Y Qa + i)+ Yl S - Q 

aGA + a£A + \{9} 

2.2 General case 

In this section, we establish an explicit formula for the appui subspaces V T when r 
is a standard subalgebra of g not necessary nilpotent. 

Let r = m + to be a standard subalgebra of g of nilpotent radical where m is its 
nilpotent part and to is its semisimple part. The nilpotent part m of r is a nilpotent 
standard subalgebra of g, then m is associated to a certain subset 9^ of positive roots 
two by two noncomparable. 

We recall that S x = 9t D II, S 2 = U 5" and A x = (U\S 2 ). We set ^ = (n\5i). 

We have r an ideal of the Levi reductive subalgebra t x = f) + X] 0" lying hi 
the Levi reductive subalgebra r 2 = f) + ^ g a - Since to is semisimple algebra, 

aeAi 
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then there exists \I/ a common connected subsystem of H\Si and H\S 2 such that 
*o = E da + E C[e a ,e_ a ]. 

Setting the subspace P^ = E [0a> n 2~] anc ^ ^ e subspace P^ = E [0a> n 2~] 

where = E dp and = E Q-p- 
/3eA + \m 2 /3ga+\$h 2 
Using the properties of m and t , one proves that 

Vr = V m +Px+[hy,Xq] 

With fly = E C [ e a> e -a] • 

Lemma 2.3 a, common connected component ofTl\S\ Q,ndTl\S2 then P^ is 

included in n+. 

Proof : Let a be a root such that g a C P^ . Then, there exists 7 G and 
/3 G A + \9^2 such that a = ±7 + (3 G A + . We want to prove that § a C n}. 

We assume that a is a root of SK 2 - Then, there exists uo G 9ti such that ±7 + 
+ w G A. Applying the Jacobi identity to ±7, /3 and u, we have two cases : 
First case : if ±7 + uo G A, since ±7 G (■?/>) C Ai then ±7 + 00 G JHi. We have 
±7 + a; + /3 then /3 G 9^ 2 . Therefor, we have a contradiction. 

Second case : if (3 + u G A then /3 G 9^2 • Therefor, we have a contradiction. 
Finally, a is a root of A + \9^ 2 and g„ C nj". ■ 

Proposition 2.1 Let a and j3 be two roots of A + \9l2 suc/i a + /3 G A + . 

1. 7/5 Q +/3 C P^ t/ien Qp C P^ and §^ C P $ + . 

2. // Sa C P+ or 0/3 C P+ then Q a+(} C P+. 

Proof : We have a + (3 G A + \9^ 2 then, it is necessary that a G (n\S'i) and 
(3 G (n\5'i) because if no, we have a and (3 are two roots of 9ti. So, by definition of 
the set 9^2, we have a and /3 in 9^2, contradiction. 

1. We have g a+l 3 C P^~ then, there exists 70 G such that a + /? ± 70 G A + \9^ 2 - 
Applying the Jacobi identity to roots a, (3 and ±70, we obtain two cases : 

First case : if a ±70 G A then a ±7 G (■0) because ip is the connected subsystem of 
n\5i. Therefore, we have [0- aT7o , 0/3+a± 7o ] = 0/3 C P^ and [0 T7o 
Second case : if /3±7o G A then /3±7 G (?/>) because ^ is the connected subsystem of 
II\Si. Therefor, we have [0_/3 T7o ), 0a+/3± 7o ] = Sa C Pj and [g T70 , 0/3± 7o ] = fl^C Pj. 

2. Since g a C P^~ then, there exists a G A\9^ 2 and uoq G (-?/>) + such that a = a ±^o- 
Applying the Jacobi identity to ao, ±u and f3, we have two cases : 

First case : if ao + (3 G A + \9i2 then Q a +p C PjJ~. 

Second case : if (3 ± cj £ A then /5 ± c^o £ ("0) an d 0«+/3 C PjJ". 

If 0/3 C P^, we remplace a by /3 and with the same reason we prove that Q a +/3 C P^~. 

■ 

The next theorem gives the explicit formula of appui subspace V T associated to 
standard subalgebra r of g. 
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Theorem 2.2 Let g be a complex simple Lie algebra and r = m + r be a standard 
subalgebra of g of nilpotent radical, where m is a nilpotent standard subalgebra as- 
sociated to a subsystem 91 of positive roots two by two non comparable and r is an 
ideal of ti contained in t 2 . 
Then, we have : 

1. V T = V m if P„ = 0. 

2. V T = Q if P^ ± 0. 

Proof : 

1. If Pq = then, [/z^,n 2 ] = 0- Therefore, V T = [r, g] = V m and we have the 
result. 

2. If P^ ^ 0. We have V T = V m + Pq, + \h^, n^T] and g = V m + n 2 • So, it is 
enough to show that P^ = n~. It is the same to show that P^ = n+. By using the 
lemma l2~31 we have P^ C n+, then it left to prove that n+ C P^. 

We consider 9 the highest root of A. In the first, we prove that Qg C Pi. 
We have P^ ^ then, there exists a a root of A + \91 2 such that g a C P^. Since 
a ^ 9, hence there exists 9i, ■ ■ ■ , 9k a positive roots such that 9 = a + 9\ + • • • + 9k 
and a + 9\ + ■ ■ ■ + 9j G A for each j G [1, kj. By induction on k, we prove that 
Qe C P£. 

If k — 1, then # = a + 6*i and by applying the proposition 12. H we have gg C P^ . 
If ^ 1. One may write # = a + 6 1 ! + • ■ • + 9 k _i + 9 k . By induction g 9 > C P^J~ and 

0' 

by applying the proposition 12. 1| we have ge C P^ . 

Now, let /3 be a root such that C tlj. We have (3^9 then there exists 

Pi, - ■ ■ , Pk & positive roots such that 9 — P + Pi + - — V P s and P + Pi H h/3j G A 

for each j G [1, s]. We have 9 = P + Pi + ■ ■ ■ + /3 s _i + /3 S , then by applying the 



proposition 12. 1[ we have g^' C P^ . Then, we have g^ C P^ . Therefore, we prove 
that C Pi and this implies that = P^ and = P^ ■ 

Finally, [r, g] = V m + n~ = g. So the second result of the theorem is proved. ■ 

Eexample 2.1 Let g be a simple Lie algebra of type F 4 and II = {cti, a 2 , a 3 , a 4 } be 

a basis of the roots system 0/P4. We consider the nilpotent standard subalgebra m 
associated to the subsystem 9^ = {0:3}. We have H\S2 = H\S\ = {011,012,014} and 
A + \91 2 = {«! + 2a 2 + 4a 3 + 2a 4 , ai + 3a 2 + 4a 3 + 2a 4 , 2a 4 + 3a 2 + 4a 3 + 2a 4 }. 

1. If we consider a standard subalgebra defined by m and an ideal x associated 
to common connected component ^ = {a 4 }. We have P^ = 0, in this case 

V T = V m . 

2. If we consider a standard subalgebra defined by m and an ideal r associated 
to common connected component ^ = {ai,^}. We have P^ 7^ 0, more 
precisely, P^ — n~. In this case V T = g. 

3 A class of standard subalgebra 

In this section, we prove that any standard subalgebra of g(A), under certain sup- 
plementary condition, is of the form given by theorem 11.11 
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Let m be a nilpotent standard subalgebra of g associated to subsystem D\ C A + 
of roots two by two non comparable. 

Proposition 3.1 Let V m be the appui subspace associated to m then [V m ,g] = g. 

Proof : We consider n the nilradical part of normalizer of m. The subalgebra 
n is complete standard subalgebra associated to subsystem 5*2 = U S u . We have 

V n = [n, g] C [V m , g]. Since K= £ fla + H £ 0- Q with SKJf = {a G A + : a 7 = 

# 7 for all 761S2} (remark f2. lj) then, it is enough to prove that g_ a is included in 
[V m , g] , for any root a G 9^ • 

Now, let (3 be the root of 9^2 then for all 76^: ht 1 (a) ^ ht^(P) where ht^(a) 
and hty(P) is the multiplicity of 7 in the decomposition of simple roots of a and 
of (3. Therefore, we have (3 ^ a and this implies that a G 9V We deduce that 
g_ a = [[e a ,e_ a ],g_ a ] C [V m ,Q]. This proves that V = g. ■ 

Remark 3.1 In proposition ^. 11 if we take r a standard subalgebra not necessarily 
nilpotent, we have also [V T ,g\ = g. 

Let n be a natural number. Let {In+j}j^o be a family of vectors subspaces of g 
such that the subspace r = £t n+ - J <g> J n+ j + CK is a standard subalgebra of q(A) of 

normalizer p = p + tC[t] <g> g + CK + Cd with p is the parabolic subalgebra of g. 
We have [r, p] = t n ® [I n , p]+t n+1 ® ([!„, g] + [J n+1 , p]) +r+ 2 ® ([/„, g] + [/ n+1 , g] + 

[J n+2 ,p]) + t™+ 3 »(••• + [/„ +2 ,g] + •••) + ••• C r. 

Lemma 3.1 VFe /iave i/ie following relations : 

1. [I n ,p] C I n . 

2. [J n ,g] C J n+ i and [I n +i,p] C I n+ i. 
3- g] C I n+2 and [I n+2 , p] C 4+2- 
^. For a// j ^ 3 : [I„+ 2 ,g] C I n+j . 

Proposition 3.2 If I n is a Lie subalgebra of g then I n is included in p. 

Proof : We can write p = £ g a + f) + £ 0- a , for a certain subset T of 

Q6A+ QG(n\T> + 

n. 

We suppose that I n is not in p and we set T\ = {(3 G T, g_/3 C !„}. We consider 
pi = £ g a + f}+ £ g_ Q the parabolic subalgebra of g associated to (T\Ti). 

aeA+ ae(n\(T\Ti)> + 

By definition p is included in pi. 

We want to prove that r is an ideal of pi + £C[t] ® g + CK + Cd. 
First, we prove that I n is an ideal of p\. Let a and (3 be two roots such that g a C J n , 
0/3 C pi and a + /? is the root. 

If (3 is a root of A + U (II\T) _ then g/j is included in p and [g a , g^] C [/„, p] C /„. 
If (3 is a root of (n\(T\Ti)) - with CpC\T\ 7^ 0. There exists ■ ■ • , [3 r a simple 
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roots such that (3 = —fa — ■ ■ ■ — (3 r and for all j G [1, r], fa + ■ • ■ -\- fa G A. Let z 
be the smallest index such that fa G 7\. We have fa_ x — fa + • — h fa G (n\T) and 
0_fl' — [fl-ft)0_fl' ] C [I n >p] C /„. Now taking the simple root fa+i, we have two 
cases : 

If fa+x G Ti, we have g_v = [g_ 3 >, Q-p i+1 ) C [/„,/„] C 7 n (because /„ is 
subalgebra) . 

If fa+i G II\T, we have g_v = [g-p i+1 ,Q_ g >] C [p, J n ] C I n . 
With similar argument, we show that Qp C I n . 

Therefore, g a +p = [g a ,Qp) C [/ n ,-^n] C I n - Then, J n is the standard subalgebra 
of g of normalizer p\. 

Now, we have V h = [I n ,g] c 4+i and [I„ + i,pi] C [I„+i,p] + C 

Since J n is a standard subalgebra then, by applying the proposition 13.11 an the 
relation 3 of the lamma l3~H we have g = [Vi n ,g] C [I„ + i,g] C I n +2- Then J n+2 = g. 
Since g is the simple Lie algebra, for j ^ 3, we have [/ n+ 2,g] = [fl, fl] = C / n +j- 
This implies that I n+ j = g. 

Finally, we have proved that r is an ideal of the parabolic subalgebra pi + tC[t] ® 
g + CK + Cd and this subalgebra contains the normalizer p + tC[t] <8> + CK + Cd 
of r, contradiction. Hence I n is included in p. ■ 

Remark 3.2 The proposition ^ '.Hi proves that I n is the standard subalgebra of nor- 
malizer p. 

The following theorem determines a class of standard subalgebra of g{A) under 
certain condition. 

Theorem 3.1 Let f = ^t n+J ® I n+ j + CK be a standard subalgebra of g(A) of 

normalizer p = p + tC[t] <g> g + CK + Cd and I n ^ 0. 

1/ J n ^s a Lie subalgebra of g then r = t n ® r + t n+1 ® V + T +2 C[t] ® g + CK 
where r = I n is a standard subalgebra of g of normalizer p, V is a subspace of g 
contain the subspace V T = [r, g] and I n+ j = g, for all j ^ 2. 

Proof : Let n be a natural number. We set I n = r. We write r = t n <8> r + 
Et n+J ® 4+j + CK. 

By applying the proposition 13 .2\ we have r is included in p. Then, r is the 
standard subalgebra of g of normalizer p. 

We set V = /„+!• The relation 2. in the lemma l3~T1 proves that V T is included in 
V where V T is the appui subspace associated to r. 

We prove by induction on j ^ 2 that I n+ j = g. We use the relation 3 in the 
lemma EIH then we have [V T ,g] C I n +2- By applying the proposition 13. II and remark 
13. 1| we have I n+ 2 = 0- 

Since g is the simple Lie algebra, then we have [g, g] = g. Using the relation 4 in 
the lemma EIH we have I n+j = g. Therefore r = t n <g> r + t n+1 ® V + t n+2 C[t\ ® g. ■ 

Corollary 3.1 Letr = I + t fc ® + CK + C <2 be the standard subalgebra of g(A) 

o/ normalizer p(r) = p + tC[t] ® g + CK + Cd. 

Then r = Iq is a standard subalgebra of g of normalizer p and T = r + tC[t] ® 
g + CK + Cd. 
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Proof : It is an immediate consequence of the previous theorem. ■ 
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